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CYCLIC COHOMOLOGY OF THE WEYL ALGEBRA 



THOMAS WILLWACHER 



00 ' Abstract. We give an explicit formula for sp2„-basic representatives 

^3 . of the cyclic cohomology of the Weyl algebra HC'{A2n)- This paper 

^^ ' can be seen as cyclic addendum to the paper .6 by Feigin, Felder and 

Shoikhet, where the analogous Hochschild case was treated. 



5—( ■ As an application, we prove a generalization of a Theorem of Nest 



and Tsygan concerning the relation of the Todd class and the cyclic 



■^^ , cohomology of the differential operators on a complex manifold 



1. Introduction and Notations 



^^ I The polynomial Weyl algebra A2n is the algebra of polynomial differential 

C^ ■ operators on IR*^. It is isomorphic to the algebra of polynomials on IR^" with 

(~| ! product the Moyal product associated to the standard symplectic structure 



w = ^ dpj A dqj = ^ dy2j~i A dy2j. 



CN ■ Here yi = pi,y2 = q2, ■ ■ ■ , y2n-i = Pn, y2n = Qn are the standard coordinates 



on R2n. 

Note that the symplectic Lie algebra 5p2„ is a Lie subalgebra of A2n, 
OO ■ namely the Lie subalgebra of homogeneous quadratic polynomials. 

We will be interested in the Hochschild and cyclic cohomology of A2n- 
^ I The definition of the Hochschild cochain complex C"(^2ra,^2n) is standard 

r^ ' and recited in the appendix. On the other hand, there are several distinct 

f^ ! versions of cyclic cohomology. However, there is a unified treatment due to 

Getzler. The cyclic cochain complex is given by 

>< : CC^iA2n) = C'iA2n,A*2n)[[n]] ®C[u] W 

5t ! where W is some C[M]-module with u being a formal variable of degree 2. 

The differential is given by d+uB, where d is the Hochschild differential and 
B is the Connes differential, both of which are defined in the appendix. As 
the module W varies, one gets several distinct cyclic cohomology theories. 
For example, in the special case where W = C is the trivial C[u]-module 
(i.e., u acts as 0), one recovers the usual Hochschild complex. 

In the cases of interest in this paper, the Hochschild and cyclic cohomology 
of the Weyl algebra are well known: 
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2 THOMAS WILLWACHER 

Proposition 1. The Hochschild cohomology of A2n satisfies 

HW( A A* \^\^ forj = 2n 
I (J otherwise 

IfWisC [u] or C (u) , then 

HC'{A2n) = HH'{A2n,Al2n)M\ ®C[u] W. 

It is also not too difficult to write down explicit representatives for the 
above cohomology classes in the normalized Hochschild or cyclic complexes, 
using the fact that A2n = (-42)'^"'. However, for applications in deformation 
quantization and index theory we would like this representative, say r, to 
have the additional property that it is sp2n-basic, namely 

(1) iaT = 

for all a G sp2„ C A2n-, and with the interior product ia as defined in Appen- 
dix IA.2I This condition is important when globalizing local constructions 
using formal geometry. The details will be clarified later, in particular in 
Sections 15.11 and 15.4.21 For now, just note that it implies that r is sp2n" 
invariant, since a € Sp2„ acts on r as 

LaT = {d + uB, La} T = {{d + uB)ia + ia{d + uB)) r = + = 0. 

Remarkably, it is quite difficult to write down representatives r for the 
cohomology that satisfy ([1]). For the Hochschild case {W = C) a solution has 
been found by Feigin, Felder and Shoikhet (=:FFS) using Shoikhet's proof 
of Tsygan's formality conjecture. In this paper, we will give representatives 
satisfying ([1]) for the cyclic case. The first main result is: 

Theorem 2. The cyclic cochain 

for an arbitrary w € W \ {0} is a non-trivial cyclic cocycle and satisfies 
i-aTw = for all a G Sp2„. 

The notation will be explained in the next sections. In particular, T2n is 
the cocycle found by FFS and the operator l^^ is defined in ([5]). 

Furthermore, as described in [6] and Section 14. 1^ there is natural map 
evi from the Hochschild cohomology of an algebra A to the Lie algebra 
cohomology of the Lie algebra A. FFS have shown that their cocycle is 
mapped to the 2n-component of a characteristic class defined by the product 
of the ^-roof genus and the Chern character. Our second main result is that 
the whole characteristic class (all components) is the image of the cocycle 

Theorem 3. The image of T2J. = (n-k\\ (~^^)"~^'^2ra under evi defines the 

same relative Lie algebra cohomology class as the 2k component of ACh, up 
to a sign, i.e. 

[ev,{T^,)] = {-l)'^[ACh]2keH-{g,i)) 
for all k = 0, ..,n. 

The notation used here will be introduced in Section [4.11 



CYCLIC COHOMOLOGY OF THE WEYL ALGEBRA 3 

Remark 4. The cyclic cocycle and the above results have been obtained 
independently by Pflauni, Posthunia and Tang and can be found in their 
upcoming paper |12j . Furthermore, they consider more and deeper applica- 
tions than are considered here. To the interested reader, the author strongly 
recommends the lecture of their work. 

1.1. Structure of the paper. In the next section, we review the formula 
given by FFS for the representative T2n and show that it satisfies ([1]). In 
section [3] we derive from this the representative in the cyclic case and prove 
the first main result. Theorem [2j 

In Section m we partially repeat the treatment of Lie algebra cohomology 
and characteristic classes given by FFS, and prove the second main result, 
Theorem [3l 

In Section [5] we consider several applications, mostly generalizations of 
the applications already discussed by FFS. In particular. Proposition [20] in 
section [53] generalizes a Theorem by Nest and Tsygan on the relation of the 
Todd class and the cyclic cohomology of differential operators on a complex 
manifold (Theorem 7.1.1 in pjj). 

Some standard definitions and sign conventions have been compiled in 
Appendix [21 in order not to interrupt the main line of arguments. 

1.2. Acknowledgements. The author wants to thank his advisor Prof. 
Giovanni Felder for his continuous support and scientific guidance. Further- 
more he is grateful to X. Tang for sharing a preliminary version of his work 
on the subject. 

2. The FFS formula 

In this section, we recall some of the results obtained by Feigin, Felder 
and Shoikhet [6j in the Hochschild case. 

2.1. Some Definitions. To simplify the formulas, we make the following 

definitions: On a tensor product of functions oq (8> • • • (8) a^ we define the 

operator ida to be the partial derivative wrt. ya applied to the i-th factor, 

i.e., 

o / N dai 

iOa{ao (8) • • • (X) Ofc) = ao (8i • • • (8> t; — fX" • • • <8) Ofc 

oya 

Furthermore, we define 

als = {rd2i-l){sd2i) - {rd2i){sd2i-l) 

ancij 

n 

C^rs — / ^ 0!j,g. 
i=\ 

Next, define the operator /xfc acting on a tensor product of (A;-|-l) functions 
as 

(2) Aifc(ao (X • • • (8) afe) = ao(0)ai(0) • • • afc(O). 

I.e., it is just the evaluation at yi = y2 = • • • = y2n = followed by 
multiplication. 



Note the missing factors of 1/2 in comparison to the definition of [B]. 
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2.2. The Formula. The Hochschild 2n-cocycle is the composition of three 
maps: 

T2n = /«2n ° S2n ° T^2n- 

The leftmost map has aheady been defined above. The rightmost map is 
given by 

(l<9l 1^2 ••• l92n 
: : ■•. : 

2n<9l 2nd2 ' ' ' 2nd2n-, 

Finahy, the middle one is given by 

(4) S2n= I dui---dU2n J] e^^^"^""')"^^ 

where -Bi(u) = n — 2 is the first Bernoulli polynomial and the integral is 
taken over the 2n-simplex {0 = uq < ui < • ■ ■ < U2n < !}• 
We will take the following theorem for granted. 

Theorem 5 (FFS [6j). The cochain T2n is a cocycle, i.e., dT2n = 0. 

To show that iaT2n = for all a G 5p2„, FFS use the following lemma: 

Lemma 6 (Lemma 2.2 of [6j). Let a € S2n ^e a permutation. Then 

T2n{aQ a„-i(i) ®---® a<x-i(2n))) 

= sgn{a)T2n{ao • • • a2n) 
where 

rL = t^2nO f dui---dU2n J] e^^^"^""'^"^" « 7r2n. 

Here bi{x) is the 1-periodic extension of the Bernoulli polynomial Bi{x) 
from the unit interval [0, 1) to R. The domain of integration is a{lS.2n) = 
{0 = ^0 < Mff-i(l) < • • • < Wa-l(2n) < !}■ 

Using this lemma, we next repeat the proof by FFS of the fact that 
i-aT2n = 0. Let Gj G T,2n be the permutation 

1 2 3 .. 2n h^ 2 3 .. i 1 (j + 1) .. 2n. 

Then one can write, using the previous lemma 

2n.-l 

('-aT2n)(«0,--,«2n-l) = ^ T^^ (oo, «, «1, ••, «2n-l) 

3=0 
2n 



= /U2nO^/ dui---dU2n JJ e^'l^"^"')"^' o 7r2„(ao, O, Oi, .., a2„) 

= H2n°l dui I du2---du2n fl e^'i^"^"''^)"^^ o 7r2„(ao, a, «!,.., a2n) 

Note that since a S sp2„ is quadratic, it needs to receive exactly two deriva- 
tives, otherwise the resulting contribution in the above formula is 0. The 
map 7r2n contributes one derivative, so the other derivative needs to come 
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from one of the aji. Hence the coefficient will contain exactly one term of 
the form 61 (ui — Ui) containing ui. But this term vanishes upon performing 
the ui-integral by the elementary fact that Jq {x — l/2)dx = 0. Hence it is 

shown that LaT2n = 0. 

3. The cyclic case 
3.1. Another differential. Define the operator l^ on C'{A2n,'^2n) ^^ ^^ 

(5) iui '■= 2 Z^^^^'^Vi'^Vj ~ / J h.i hj ■ 

i,j J 

Also define L^ := [d, ti^]. 
Lemma 7. The following holds: 

{d,L^} = {) [Luj,i^J\ = ^ 

In particular, (B — L^) is a differential of degree —1 on C'{A2m'^2n)- 

Proof. The first equality is an immediate consequence of the definition. The 
second equality immediately follows from the second equality of Lemmal22lin 
the appendix and the fact that ti = on the normalized chain complexes. 
The third equality is a direct consequence of the first two. The last two 
equalities follow from the last two equalities of Lemma [22l The fact that 
(B — L^) is a differential is clear from the third and fifth equalities. D 

Technically the main result of this section is that T2n is closed w.r.t. this 
differential. 

Theorem 8. {B - L^)T2n = 

As a direct corollary, we can construct the desired cocycles representing 
cyclic cohomology classes, and prove the first main result. Theorem [2j 

Proof of Theorem\^ Since [t(^,ia] = 0, the second property [iaTw = 0) fol- 
lows immediately from the analogous statement for T2n- 

To prove the first part, i.e., that r^ is a cyclic cocycle, compute: 

dTyj = e""*"^ (e'^'^de""'") r2„ w 



d + u[i^,d\ + — [i(^, [i^,d\] + ... ) T2n ® w 



-e """^ uL^T2n ® w = -ue ^'"^ BT2n ® w = -uBt, 



w 



Hence {d + uB)tw = 0. For the third equality, we used that dT2n = and 
the fact that [L^, l^] = from Lemma [71 

It remains to show that t^ is not trivial, i.e., not a coboundary. If it were 
a coboundary, it would evaluate to on the cycle c = 1 ^pi A gi A . . . p„ A (?„. 
However, Tw{c) = T2n{c) ® w = (2n)! 7^ 0, where the middle equality was 
already observed by FFS. D 
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3.2. The proof of Theorem [8l Theorem [8] will be proven by the following 
two lemmas, each of which computes one of the two terms occuring in its 
statement. 

Lemma 9. The following holds: 

{BT2n){ai .. ®a2n) = 

= /U2nO / du2--- du2n JJ e^^^'^''"''^"''' OT^2n{l®ai®..®a2n) 

Jo=ui<U2<..<U2„<l l<i<j<2n 

Proof. Let C be the cyclic permutation of 2n elements. Then 

2n-l 2n-l 

(5r2n)(ai«)..(g)a2n) = ^(-iyT2„(l(8)C^'(ai(g)..«)a2n)) = Yl '^2n'(l«'ai«)--«'a2n) 
i=o i=o 

by Lemma [H Furthermore, 

2n-l /2n-l „ \ 

E ^2n = /^2n o j; / \dui--- dU2n J] e^^^"^"^')"- O 7r2„ 

j=0 y j=o •^C'^(^2n)y 0<j<j<2n 

= /i2n o / dm ■ • • (itX2„ n e*^("^-">)"^' o 7r2„ 
•^^ 0<i<i<2n 

where the integration domain T is the configuration space of 2n ordered 
points on the circle. In our case, terms in the product for which i = will 
not contribute, since any derivative of 1 vanishes. Hence the integrand is 
invariant w.r.t. joint shifts of the ui,..,U2n- We can use this by changing the 
integration variables to 

, _ \ui for j = 1 

■^ 1 ^i ~ ^1 otherwise 

and integrating out u'^. The result is that 

iBT2n)iai (g) .. <S)a2n) = 

= M2no/ du2---du2n JJ e^'^"^""'^"'"°7r2n(l«)ai®--«)a2n) 

•^0<«2<-<«2n<l l<i<j<2n 

where we put u'^ := to simplify notation. This was to be proved. D 

Lemma 10. The following holds: 

= iJi2nO I du2--- du2n J| e*^("^""')°J'o7r2n(l«'ai<8'..«'a2n) 

Proof. Note that 
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As above (see section I2.2p we obtain that 



{l'yi:r2n){ao'S>..^a2n-l) = -fJ'2nO / dU2n / dU2 ■ ■ ■ dU2n-l 

Jo J0=UQ<U^<..<U2n-l<^ 

n e^i("^-"»)"^-' O 7r2n(ao ®-® Osn-l ® Vk)- 
0<i<j<2n 



Since yk is linear and there is already one derivative acting on it through 
TT2n, all terms contributing nontrivially are independent of U2n- Hence the 
■U2n-integral can be performed yielding a factor 1. 
Next note that for a (2?i — l)-cochain (j) 



2n-l 

^^, ,lm 



p=0 m 



Here uj^^ is the inverse of uJij, i.e., Ylj^ij'^'^^ — ^i- When applying this 
formula to the case at hand, we obtain that 



LujT2n{ao ® .. ®a2n-l) 



b\iuj—Ui)a.j. 



IJ2n du2---dU2n-l JJ e"^^"^"-^"^' 

J 0=uo<u^<..<U2„-i<l 0<i<j<2n 

(2n-l \ 

y^ ^oj''"^ pdm vr2„(ao O .. a2n-i ^ Vk) 
p=0 m I 



The term on the right is 



Im 



k,l \ p=0 m 

2n-l 
= X^ X^ pdkT^2n{ao 



pCfm 



k p=0 



2n-l 



/ l^l 
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T^2n{aQ® ..®a2n~l ® Vk) 

a2n-l ® Vk) 
1<92 



^ ^pSfcdet 



=0 k 



2n-l<9l 2n-l92 
\ 2ndl 2nd2 

( \Q\ \d2 



2n-l 



=0 k 



^ "^pdk det 



2n-l<9l 2n-lf^2 

do 



"2 



2n-l 



E^et 



l(J2 



l52n \ 

2n-ld2n 
2nd2n J 

ld2n \ 

2n-ld2n 
^L J 
ld2n \ 



{ao0 ■■ 0a2n-i '^Vk) 



(ao (8) .. (8) a2n-i 8) 1) 



■det 



2n-ldl 2n-ld2 

\ pdi pd2 

( 0^1 0^2 

1^1 1^2 



2n-ld2n 
pd2n J 

od2n \ 
ld2n 



(ao (8 .. (8) a2n-i <8) 1) 



\2n-l<9: 



1 2n 



-l92 



(ao (8 .. 8)a2n-i <8 1) 



2n-ld2n-/ 



For the last equahty, we used the vanishing of the determinant if j? 7^ 0, 
since it then contains two equal rows. It is now easily seen that the lemma 
follows by renumbering the aj and the Uj. El 

The above two lemmas clearly prove Theorem [8] and hence Theorem [21 



3.3. A slight Generalization. For later use, we need to know the cyclic 
cohomology of the algebra ^2n — ■^2n (8 C^^ of r by r matrices with entries 
in A2n- Since this algebra is Morita equivalent to A2n the answer is simple, 
namely the two cohomologies agree. The explicit representatives are given 
by 

r;((ao 8) Mo) (8 • • • (afc 8) M^)) = r^(ao ■ ■ ■ afe)tr(Mo • • • M^). 

Note that A^n contains the Lie subalgebra 5p2n®QKj where gl^ is embed- 
ded as the constant matrices, and sp2n ^^ the matrices 5p2„(81rxr- Note also 
that iaTw — ^ fo'^ ^11 Q^ ^ ^P2n ® qK ^ -^2n' sincc LiT^ = in the normalized 
cyclic complex. 



4. Characteristic classes 

Analogously to the treatment given by FFS in section 5 of [6j, we can 
consider the relation of r^ to characteristic Lie algebra cohomology classes. 
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In particular FFS showed that Tg^ yields the 2n-coinponent of the ACh- 
class. Not surprisingly, we can show that T2f, ■= (n-k)\ (~^^)"~^'^2n yields 

the 2A;-coniponent of ACh. 

To make these statements precise, we first need to repeat some prelimi- 
naries from [6]. This will be done in the next subsection. The precise version 
of the above claim, i.e. Theorem [3l will be recalled in subsection 14. 2i It is 
proved in subsection I4.3[ 



4.1. Lie algebra cohomology and characteristic classes. For q a Lie 

algebra, f) C g a Lie subalgebra and M a g-module, we denote by {C'{q, ij; M), d) 
the relative Chevalley-Eilenberg complex. Its definition can be found in the 
appendix. The cohomology of this complex is called the relative Lie algebra 
cohomology and denoted by H*{g, f); M). If M is omitted, it is understood 
that M = C is the trivial module. 

Let pr : g — > f) be an f)-equivariant projection, i.e., a projection such that 

Pr{[h,g]) = [h,pr{g)] 

for all h e \j,g £ g. The "curvature" C € Hom(A^g, [)) measures the failure 
of pr to be a Lie algebra homomorphism: 

(6) C{uf\v) = [pr{u),pr{vy\ — pr{[u,v\) 

Using C, one can construct the Chern-Weil homomorphism 

X:(S'f))*''-C2'(g,f5) 

given for some P E {S i))*^ as 

where we identified P with its polarization. 

In our case, we take g = A2n and f) = 5p2„ ffigt^- The {^-invariant polyno- 
mials P we are interested in are the homogeneous components in the power 
series expansion of 

P{x,M) = A{x)Ch{M). 
Here (x, M) G 5p2n © glr> 

A(x) = det2 — ,i , , 

is the j4-genus and 

Ch{M) = tr(e*^) 

is the Chern character. In the definition of A{x), the determinant is defined 

det 

as the composition 5p2n ^^ 9hn ~^ C. 

The image of P under x defines a characteristic relative Lie algebra co- 
homology class which we will denote 

ACh=[xiP)]eH'iQ,\^). 

Another way to obtain a Lie algebra cohomology class of the Lie algebra 
g = A2n is by evaluating at 1 and antisymmetrizing a Hochschild coho- 
mology class of the algebra A^2n- Concretely, there is the following chain 
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map 

evi{(p){vi A • • • A Ufc) = ^ sgn((T)(/)(l ^.^(i) ® ■ ■ ■ (g) v„(^k)). 

a-eSk 

We will use the following convention for embedding wedge products into 
tensor product space: 

t;i A .. A Vk := ^ sgn{a)v„(^ij • • • 8) u^(fc). 

aeSk 

Hence, for example ei'i(</>)(wi A • • • A t;^) = 0(1 (g w i A • • • A v^)- 

Note that, since we are working with the normalized Hochschild complex 

evi{B4>) = 0. 

The images of the components Tg^ of r^ will each define a Lie algebra coho- 
mology class since 

d o evi{T2k) = evi{dT2k) = -evi{BT2k+2) = 0. 

4.2. The claim. Recall that Theorem O stated in the introduction, claims 
that: 

[evi{T^2k)] = {-^)''[AChhkeH-{Q,l)) 

for all k = 0, ..,n. 

For k = n this statement was proved by FFS in [6j. One can give a 
lenghthy, but more or less direct proof of the above statement by computing 
the integrals defining Tg^ in a special case. This proof differs slightly from 
that given by FFS and will be presented in Appendix O 

Here, however, we will take a much quicker route and reduce the above 
Theorem to the special case k = n, which was already proved by FFS and 
we take for granted. 

4.3. The proof of Theorem [3l The first step in the reduction is the same 
as that used by FFS. We copy it here: Let Wn,r C ^2n be the Lie subalgebra 
consisting of polynomials of the form Yll=i fj{Q)Pj®'^rxr + Ylj>i9iil)®^j-: 
for fj{q),gj{q) polynomials in the qi, .., g„. and Mj £ qIj. matrices. Set further 
^1 = () n Wn,r- The following statement was proved by FFS, sections 5.5 
and 5.6. 

Lemma 11. The map on cohomology 

induced by restriction of cochains is an injection for k < n. 

Hence in order to prove Theorem [Sj it will be sufficient to show that the 
cohomology classes [efi(r2^)] and [ACh]2k are mapped to the same class in 
H'^^{Wn,r, f)i)- Actually, we will show a stronger statement, namely: 

Proposition 12. The restrictions of the cocycles efi(r2^) and x{Pk) to 
Wn,r agree. Here Pk G {S^\))*^ is the degree k component of the invariant 
polynomial defining the class ACh. 
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Again, the special case k = n has aheady been shown by FFS, and we take 
it for granted. We will begin the proof of the general case by establishing 
another special case: 

Lemma 13. The restrictions of the cocycles evi{T2f,) and x{Pk) to Wk^r C 
Wn^r agree. Here, W^^r consists of those polynomials in Wn.r involving only 
pi,qi,..,Pk,qk- 

Proof. In this proof, we make the dependence of T2^ on n explicit by writing 
'^2k,n = '^2k- Similarly, we write explicitly P^.n = Pk- For vi,..,V2k G Wk,r 
we compute 

^2fc n(l «) ?^1 A .. A V2k) = 7 rTT((-'.a;)""''T2„,„)(l O Ul A .. A V2k) 

(n — K)\ 

n 

= ( JJ (-''p,igjT2n,n)(l'X)fl A .. A7;2fc) 
i=A:+l 

= T2n,n(l Wl A .. A V2k f\Vk^\ A ^fe+l A .. Ap„ A g„) 



ll2r. 



/ dU\--- dU2k Y]. ^ 

J0<ui<U2<..<U2k<l l<i<j<2k 



bi{uj-Ui)aji^ 



o 7r2„(l (g) {vi A .. A V2k) <X) Pk+1 ® Qk+l ® --^ Qn) 

= M2n O S2k o Vr2A..(l «) t;! A .. A t;2A:) = T2fc,fc(l «> Vl A .. A t;2A;) 
= X(^fe,fc)(l'l A .. A V2k) = X{Pk,n){vi A .. A f2fc). 

For the second equality, observe that there are derivatives w.r.t. Pk+i, Qk+i, ••) Qn 
present in the definition of Tr2n, and since vi, ..,V2k do not contain such p's 
and g's, they have to be supplied by some Loj- The fourth equality is a rou- 
tine application of Lemma [6l similarly to that at the end of section [2^21 The 
last but one equality is the special case fe = n of Proposition [HI proved by 
FFS. D 

We proceed to prove Proposition [T2j We have to show that 

(7) T^kil vi A • • • A V2k) = x{Pk){vi A • • • A V2k) 

for ah Vi,..,V2k G Wn,r- 

Lemma 14. Suppose all the Vj are homogeneous. Then both sides of ^ 
vanish, unless each Vj has one of the following three alternative forms 

Pa^ ^ trxr for some Oj € {1, ..,re} 

PajQfSjQ-yj ® Irxr for some aj,(3j,-fj G {1, .., n} 
^Qa^ ® Mj for some Uj G {1, ..,n], Mj G glj. 

Furthermore, they also vanish unless exactly k of the Vj take on the first 
form (i.e., Pa^). 

Proof. For a homogeneous Vj, define the total degree as (degree in p's)- 
(degree in g's). For example, Vj is of total degree only ii Vj £ (]i. If some 
Vj £ f)i, both sides of [7] vanish by (]i-basicness. 

The only Vj^s with positive total degree are those of the first form, Vj = 
Pa ■ , which have total degree 1. Of these, at most k can occur, as can be seen 
from the definitions of TT2k and x- Note that the remaining Vj must each 
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have total degree at most —1, and that on both sides the sum of ah total 
degrees must vanish. Hence one can conclude that all the remaining Vj must 
have total degree exactly —1 and there must be exactly k such terms. D 

By the above lemma, and by reordering the factors in the wedge product, 
we can assume that 

PajqfSjQ-yj ® Irxr for j = 1, .., m 

Qa^ <S Mj for j = m-\- 1, .., k 

^Paj (8) trxr for j = k + I, .., 2fc 

for some integer m G {0, .., k}. 

We next claim that by G-L(n)-invariance of both sides of d?]), it is sufficient 
to consider the case where all aj, f3j,^j £ {1, .., k} for all j = 1, .., 2k. Then 
we can apply Lemma [13] to finish the proof. 

First consider the case m = 0. In this case Vj = Qq, Mj for j = 1, .., k 
and hence an appropriate permutation in GL{n) can be applied to ensure 
that aj £ {1, .., k} for all j = 1, .., k. But then both sides of ([7]) vanish by 
power counting, except if also aj G {1, .., k} for j = k + 1, .., 2k. Hence both 
sides of ([7]) agree for m, = by Lemma [T3l 

Next consider the case m = 1. Then vi = PaiQ/SiQ-n (^ Irxr- Choose a g G 
GL{n) such that g*{qp^q'yi) = qf — cg^ for some irrelevant constant c, being 
either (in case /3i = 71) or 1. Then g*vi is a linear combination of terms of 
the form Paqfj <8) Irxr for some a, f3 G {I, ..,k}. By using multilinearity and 
GL(n)-invariance of both sides of ([71), we can hence assume from the start 
that vi = Pa^qs ■ I^ut from here, the same reasoning as in the m = 0-case 
can be applied to establish ([7|) for m = 1. 

Finally consider the general case {m = 2, 3, ..). To begin with, assume that 
Vj for 1 < j < ?n, depends only on qi, ..,qj and the p's, i.e., is independent 
of qj+i,..,qj. Let us say that such vi,..,Vm satisfy the flag property. In 
particular, this implies that vi, ..,Vm depend only on gi, ..,qm and the p's. 
But then, by renumbering the coordinates appropriately, we can assume that 
vi, ..,Vk are independent of qk+i, ■■■,qn-, and again apply the same reasoning 
as in the m = 0- case to show ([7|). 

Hence the proof of Proposition [12] will be complete if we can prove the 
following technical lemma. 

Lemma 15. Let the monomials vi,..,Vm have the form, Vj = Paqpq-y, 
aj,Pj,'yj G {l,..,n}. Then for j = l,..,m, s = 1,2,.. there are monomials 
Wj^s of the same form together with elements gs G GL{n) and constants Cg 
such that 

ViA..AVm = '^ Csg*s{wi^s A .. A Wm,s) 

and such that wi,s, ..,Wm.s have the flag property for all s. 

Proof. The proof is by induction on m. For m = there is nothing to show. 
Assume the Lemma is true for m — 1 and we want to show it for m. Then 
by the induction hypothesis we can assume w.l.o.g. that vi, ..,Vm-i have 
the flag property. Distinguish the following four cases: 

(i) If Vm = Paq/sq-y with /3, 7 < m, then vi, ..,Vm already have the flag 
property and there is nothing to show. 
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(ii) li P < m and 7 > m, or vice versa, let g € GL{n) be the permuta- 
tion of the coordinates /3 and m. Then 

Vl^.. ^Vnl = g* [vi a .. a ig*Vm)] 

and the term in the outer brackets has the flag property, 
(iii) If /5 = 7 > rn, the same treatment as in the previous case applies, 
(iv) If /5, 7 > m and /? 7^ 7, let 5 G GL{n) be the transformation defined 

by 



9 Qi 



qp + q-y for i = (5 
qp -q^ for i = 7 
qi otherwise. 



Then g*Vm = {g*Pa){(l^R ~ Q^) is a linear combination of terms of 
the form considered in the previous case, and hence the treatment 
there applies. 

D 



5. Applications 

Here we list several applications of the results obtained in the previous 
sections. We suppose that the reader is already familiar with Fedosov's 
deformation quantization procedure for symplectic manifolds. 

5.1. Brief Reminder of the Fedosov construction. See |5] for details. 
Let {M,uo) be a compact n-dimensional symplectic manifold. Let T = 
WjXj S^T*M[[€\\ be the bundle of formal fiberwise (f.f.) functions on M. It 
is a bundle of algebras with fiberwise product on the fiber F^ (over x G M) 
defined as the Moyal product wrt. the symplectic form eojx- 

Let V be a symplectic connection on M. It extends to a connection on 
T, also denoted by V. Fedosov showed that there is a certain section A of 
J^® K^T*M, such that the connection D = V + e"^ [A, ■] is flat. Exphcitly, 



D^ = v^ + 



e-ivA+^[AA], 



e-^F + e-^VA+ — [A,A], 







where F is the section of S'^T*M such that V^ = e ^ [F, •]. Flatness means 
that the section n = F + VA+^[A,A] of J^ A^T*M is central, which 
in turn implies that it is a section of A^T*M[[e]]. 

Furthermore, note that the product on the fibers of J- induces a product 
on the space of flat sections of J^. 

Any smooth function f (z Ae '■= C°°(M)[[e]] can be interpreted as a 
section of S'^T*M[[e]] C J^. In fact, it can be uniquely lifted to a flat section 
f oi J- (wrt. D) and every flat section of J- arises in this way. In this way 
the product on the space of flat sections gives rise to a product * on Ae, 
which is a deformation quantization of the usual commutative product. The 
2-form Vt is called the characteristic class of -k. 
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5.2. A chain map. Let 

ccr(A, A) = C.(A, A)(n-^) 

be the periodic cyclic chain complex of Ae with differential b + u^^B' (see 
the Appendix for the definitions). We can construct an C[[e]](n~^)-linear 
chain map 

CD : {CCr{Ae,A,),b + u-'B') -. {n'{M)[[e]]{u~'),d). 

It is defined as 

$(ao (g) ai (g) • • • (g) afc) = {e~'""^T2n){Sh{ao g) • • • (g) afc, 1 e^^)) 

where oq, ..,afc £ -^e- The notation is as follows: The flat section Uj of J-' is 
the flat lift of aj. Sh is the shuffle product: 

Remark 16. For an algebra A, the shuffle product 5/i : C,{A,A)xC,{A,A) -^ 
C,{A,A) is the bilinear map defined by 

5/i(ao(g)ai(g- • -(gafcjaoigjafc+i®- ■ -(gafc+j) = ^J •55"'(o')(ao«o)'gao-(i)®- • •®«o-(fe+0 

where the sum is over all permutations a such that cr^^(l) < a^^{2) < • • • < 
a-i(A;) and a-^{k + 1) < o-i(A; + 2) < • • • < cj-i(A; + /). 

Furthermore, e is shorthand for the differential form with values in 
T'{F) such that 

e^^(ei,..,6) = ^(ei)A...^(e/) 

for / = 0, 1, .. and ^i, .., ^^ vector fields on M. Finally the cocycle (e~"''"T2n) 
is applied fiberwise. 

Corollary 17. The map <1> is a chain map. 

Proof. By Theorem [5] we already know that (e~"''"T2n) o (6 + u^^B') = 0. 
Hence it is sufficient to show that 

{h+u-^B'-V)Sh{ao®- ■ -(gofc, l(ge^^) = Sh{{b+u-^ B'){aQ®- ■ ■<S)ak), l(ge^^). 

The (n~^)'^-part of the equality has already been shown by FFS. For the u~^- 
part, fix / G {0, 1, ..}, let ^i, ..,^/ be vector fields and define a^+j := A{S^j). 
Note that 

Sh{ao g) • • • Ofc, 1 ® e^^)(^i, .., ^;) = ^ sgn{a)ao (g a<^(i) • • • ® a^(^k+i) 

(T 

where the sum is over all permutations a such that (T^^(1) < a^^(2) < • • • < 
a~^{k). Furthermore 

B'{Sh{ao ® • • • (g Ofc, 1 e^^)(ei, ..,e/)) 
= 2^ sgn{a)ao (g a<^(i) (g) • • • (g a^(fc+i) 

a 

= Sh{B'{ao (g • • • Ofc), 1 (g e^^)(6, -, 6) 

where the sum is over all permutations a such that for some 1 < m < k: 
a~^{m) <a~^{m + l) < ■■■ < a'^ik) <a'^{l) < ■■■ < a-'^{m - 1). D 

The map $ induces a map on homology, which we call [$] : HC^^^{Af:) — >■ 

F-(M)[[6]]((n)). 
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5.3. The ACh-class of a symplectic manifold. We reuse the setting of 
the previous subsection. There is a "canonical" class in the periodic cyclic 
homology -ffCi'^'^(^e), namely that of the constant function 1. 

Proposition 18. Let F be the curvature of the symplectic connection V and 
let Q = F + VA + ^2~ [^; A] ^e the characteristic class of the star product -k 
(oka. the Fedosov curvature of D). Then 

[$(1)] = u''[A{-eu-^F)Ch{u-hn)] 

Proof. Most of the proof is a copy of section 5.7 in [6]. First compute 
C{A, A), where C is as in section l^TTl We can assume that A has no quadratic 
part as any quadratic part could be incorporated into the connection V, and 
hence pr{A) = 0. Then 

^C{A,A) = -^pr{[A, A]) = epr{F -n + VA)= e(F - 0). 

For the last equality, it was used that VA has no quadratic part, since V 
preserves degrees. 

Now apply Theorem [3] to obtain that 

mi)]2k = K-''T;,{l^AA---AA)] 

= [(-l)V-\((iC%)(^A...A^)] 

= [{-l)^u^-^{AChUe{F - n), .., e{F - f]))] 

= [(-l)^"-'=i(eF)C/i(-e(7)]2fc 

= [u''A{-eu-^F)Ch{eu-^n)]2k 

n 

5.4. The TdCh-class of a holomorphic bundle. There is an application 
of the above results to complex manifolds and holomorphic bundles. To 
present it in the right context, we first need to bring some recent results of 
Engeli and Felder to the attention of the reader. 

5.4.1. The generalized Riemann-Roch-Hirzebruch Theorem. Let i? — > M be 
a holomorphic vector bundle over the compact complex n-dimensional man- 
ifold M. Let £ be the sheaf of holomorphic sections of E. Let T> be the sheaf 
of holomorphic differential operators on E. Any global differential operator 
D G T{M,V) = H^{V) acts on the sheaf cohomology H*{£) of £. It turns 
out that there is an explicit integral formula computing the (super-)trace of 
this action: 

(8) str^.(£)(Z?) = / ^Ji{D). 

Here ^{D) is some differential 2n-form, for which an explicit formula can 
be written down using the cocycle r2„. The above formula has essentially 
been conjectured by Feigin, Losev and Shoikhet [7], and has been proved by 
Engeli and Felder [1] . See also the work of Ramadoss [13^ . 

The details are as follows. Consider the "sheaf of cyclic chains" CC, of 
the sheaf of algebras T). It is defined as the sheaf associated to the presheaf 

CC,{U) = CC,{V{U)) 
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for open U C M. Here the cyclic complex CC,{-) is defined using projec- 
tively completed tensor products instead of the usual algebraic ones (see 
[2], section 5). The sheaf CC, is equipped with a grading and a differential 
(6 + u~^B') coming from the grading and differential on the cyclic chain 
complex. Denote by IH* (CC) the hypercohomology of the differential graded 
sheaf CC,. There is a natural map from the cyclic homology of the algebra 
H^(T>) of global holomorphic differential operators on E to IH*(CC). It is 
given by the following composition: 

CC,{H^{V)) -^ H^{CC.) -^ ¥\'{CC). 

In the Hochschild case {W = C) the hypercohomology IH*(CC) can be 
computed by calculations in [13j and [4] (section 3) and shown to agree with 
the de Rham cohomology of M: 

(9) h'{CC)^H^''—{M). 
Similarly, for periodic cyclic homology {W = C(n^^)) 

(10) ¥\'{CC) ^ H^''—{M){u-^) 
Hence, by composition we obtain maps 

* : CC,{H^{V)) -^ H^''—{M) Hochschild case 

^ : CC,{H^{V)) -^ H^''—{M){u~^) Periodic cyclic case. 

These maps are interesting for the following reason: 

Theorem 19 (Engeli, Felder [4J). In the Hochschild case (W = £,) the 
degree zero component of evi 

^0 : Co(F°(P)) ^ H°(V) -^ H^'^iM) ^ C 

is exactly the supertrace on the sheaf cohomology of £ that appears on the 

left of m- 

The cocycle T2„ enters into this story in so far, that it allows for writing 
down an explicit chain map inducing the isomorphism (jlOp on cohomology. 
Composing with the map J^ : H'^'"'{M) — > C yields the r.h.s. of ([8|). 

Let now 1 G H^{T>) be the identity operator on E. The Riemann-Roch- 
Hirzebruch Theorem tells us that siTH»f£\{\) = J^,jTd{M)Ch{E) is the in- 
tegral over the Todd-class of M times the Chern-character of E. By looking 
at Theorem 1191 and the fact that H'^^{M) = C we hence know that, in the 
Hochschild case 

*o(l) = [Td{M)Ch{E)]^^^ G H^^{M). 

The contribution of this paper is to extend this result to the cyclic case. 

Proposition 20. For periodic cyclic homology (W = C{u^^)) we obtain 
that 

^(1) = [Tdu{M)Chu{E)] G H'{M){u-^). 

Here, the subscript u means that the classes can be represented by the forms 
Chu{E) = tr{exp{-u~^ F)) and 

rd„(M) = detf-^^3T^^-^ 
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where R and F are the curvatures of connections on T^'^M and E respec- 
tively. 

Remark 21. The proof will show that the above equality holds already on 
chains, not just in cohomology, if one defines ^ appropriately on chains. 
This is in contrast to the symplectic case treated in the previous section, 
where the analogous statement is true only in cohomology. 

5.4.2. Complex formal geometry. In order to prove Proposition 1201 we need 
to recall some basic notions of formal geometry on complex manifolds. The 
results will be analogous to Fedosov's theory on real symplectic manifolds. 
On the general theory, we will be rather brief and refer the interested reader 
to jT] for details. 

Let T'M = T^''^M and T*' M = r*(i'0) be the holomorphic tangent and 
cotangent bundles of M. Let J^ = Y\- S^T* M be the bundle of formal 
fiberwise power series. In local coordinates x* its sections are formal power 
series 'Y^j(CK{x)y^ , where the sum runs over all multiindices K, the ck{x) 
are coefficient functions and y^ = dx^ form a basis of T^ M. Similarly, 
one can define the bundle V = Der{T) of formal fiberwise vector fields 
and the bundle D of fibrewise differential operators (on M). The bundle 
De = D ® End(ii^) is the bundle of formal fiberwise differential operators 
on E. 

Pick connections Vq on T'M and V Efl on E respectively. We require 
that Vq is torsion-free. These connections can naturally be extended to the 
bundles T, V, D and De- We denote the extension to De by VdeA ^^^- -'■* 
turns out that one can find a form A € T{M, {V ® J=' (^ End{E)) ig) T*M) 
with values in the first order formal fiberwise differential operators such that 
the connection 

Vdb = Vds,o + [A, •] 

is flat. Concretely, this means that the Maurer-Cartan equation 

(11) y^^^^A + ]^[A,A]-lE®R^j,y''^+F = Q 

is satisfied. Here the two- forms i?^ are the components of the curvature 
form of Vq and F is the curvature form of V Efi^ with values in End(£'). 

The fact of central importance is now that the sheaf of algebras given by 
the flat sections of De (w.r.t. the flat connection ^ De) is isomorphic to the 
sheaf of algebras of holomorphic differential operators on E. In particular, 
given a global holomorphic differential operator a E T{M,T>e), one can 
define the unique flat lift a G Tfiat{M, De). 

5.4.3. An explicit formula for ^o- To define ^O) we need one last ingredient: 
The polynomial Weyl algebra has two alternative definitions, namely as dif- 
ferential operators on R" with the usual product, and as polynomials on IR^"' 
with product the Moyal product w.r.t. the standard symplectic structure w. 
Furthermore, the complexified algebra of polynomial differential operators 
on IR" is isomorphic to the algebra of (holomorphic) polynomial differential 
operators on C". 
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Denote by Q the map that associates to any holomorphic polynomial 
differential operator the corresponding polynomial. Then we can define 

*o(a) = (e-'^'-rUiQia) ® QiA) A .. A Q(A)). 

Here we silently "cheated" twice: In general a is not polynomial, but a (fiber- 
wise) formal power series. Hence we have to extended Q to non-polynomial 
differential operators and T2„ to power series. This is possible, since the total 
number of derivatives ^ occuring in the a and the ^'s is finite. Hence Q{a) 
Q{A) will be polynomials in the p's, with coefficients in the power series in 
q's. But terms with more g's than p's never contribute by gln-invariance. 
Hence there are only finitely many nonvanishing terms and convergence 
problems do not arise. 

5.4.4. The Proof of Proposition \2(A The proof is very similar to that of 
Proposition 1181 We note that 

\C{Q{A), Q{A)) = -\pr{Q{[A, A])) = pr{Q{VD,,oA - Riy'^ + F)) 

= -R{pjq' + -tr(i?) + F. 

For the second equality we used the Maurer-Cartan equation pi|) . 

Before continuing, a remark about traces is in order. We have the stan- 
dard inclusion gt^ C Sp2„. Define the traces trg[^ and tr^p^^ on their universal 
enveloping algebras by the trace in the defining representations. Then, for 
X G g(„ and j = 0, 1, .. we have 

tr,p,Jx^) = (l + (-l)^)tr,,„(x^). 

Hence the following identity holds: 

Taking this into account and using Theorem O we obtain that 



(^(1))2, = (-1)'= (i,p,J-i?)C/i(itr(i?) +F)) 
= (-1)'^ (^Al,J-R)Ch{hT{R) + F)^ 



2k 



2k 

= (-1)'= {Tdi-R)Ch{F)),, = {TdiR)Chi-F)),, . 

Appendix A. Standard definitions 

A.l. Hochschild and cyclic (co) homology. Let A be any algebra with 
unit 1 over C. Let A = A/t ■ C. The normalized Hochschild chain complex 
with coefficients in the A-bimodule M is defined as 

C,{A,M) =M^A^' 

with differential b defined such that 

6(?7i (8" ai (8) ■ ■ ■ (g) a„) = m • ai (g) 02 (8 • • • (8 an+ 

n-l 

+ ^(— l)-'m Cgi ai • • • ajQj+i a„ -|- (— l)"an • m (8 ai • • • a„_i. 
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Similarly, the Hochschild cochain complex with values in M is 
C'{A,M) = hom(i®*,M) 
with differential d defined as 

{d(f>){ai • • • (g) a„) = ai • (j){a2 (S) ■ ■ ■ ^ an)+ 

n-l 

+ 2j(-l)'''<A(oi (8) • • • (gi ajCLj+i (8) an) + (-l)"(/)(ai (g) • • • (8 a„-i) • a„. 
i=i 

Now let M = A. Then there is another differential B' of degree +1 on 
C,{A,M). It is defined by 

n 

B'{ao (g) ai (g) • • • (g) a„) = ^(-l)"-'! (g aj (g a^+i (g • • • (g aj_i. 

j=o 

Similarly, the adjoint operator to B' defines a differential B on the Hochschild 
cochain complex C*{A,A*). 

One can check that b and B' and d and i? anticommute. Let W be some 
C[[u]]-module for u a formal variable of degree +2. The cases of interest in 
this paper are W = C the trivial module and W = C(u) the formal Laurent 
series. Consider the complex 

CC'iA) = C'iA,M)[[u]]®c[u]W 

and equip it with the differential d + uB. This complex is called the cyclic 
complex and its cohomology the cyclic cohomology of A. Similarly, for a 
formal variable u of degree —2 one can define 

CC.{A) = C.{A,M)[[u]]0ciu]W 

with differential b + uB', the cyclic cochain complex. In this paper, in order 
to not confuse the it's of the chain and cochain complexes, we use u of degree 
+2 as the formal variable for the cochain complex and u^^ (degree —2) for 
the chain complex. 

A. 2. More structures. Define the following operators on the Hochschild 
cochain complex, for a G yl : 

ia:C'{A,M)^C'-\A,M) 

n 

{ta<P)iao,--,an) = y^^{-iy (pjap, .., aj , a, aj+1, .., an) ■ 

j=0 

where (j) G C'^-^^{A,M) and ao,..,a„ G A. 

Define further La := {d, La}- One can check the following explicit formula 
for La-. 

n 

(La0)(oi,..,a„) = a-0(ai,..,a„)-0(ai,..,a„)-a+^(?:)(ai,.., [aj,a] ,..,a„). 
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Lemma 22. The following list of identities holds on C*{A,M) for any 
a,b G A and any A-himodule M: 



[d,La] = [La.l^b] = '-[fe,a] 

[La-, Lb] = -L[a,b]- 



If M = A* , then furthermore 



{ia,B] = Q {La,B] = Q. 



Proof. The first equation is an immediate consequence of the definition. 
The proof of the second equality is a direct calculation 



{LaLb(t)){ai,..,an) = ^(-l)-'^(/>(ai,..,aj,6,aj+i,.., [ak,a] ,..,a„)+ 

j=0 fc=l 

+ [a, (^(/>(ai,..,a„))] 



n 



{ihLa)(t){ai,..,an) - ^(-l)-'0(ai,..,aj, [6, a] ,aj+i,..,a„) 

j=0 

{ihLa)4>{ai,..,an) + {i[a,b]4>){ai,..,an) 



where (j) G C^^^iA^M) and ai,..,a„ G A. 
The third equality follows from the second 



[La,Lb] = {[La,d],ii,} + {d,[La,ib\} 
= 0+ {d, i[a^5]} = Lya^b] 
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For the fourth equality, we calculate 

n / j 

i=o \k=0 

n 

- Y^ (-l)("+i)V(l,afc,",ai,a,..,afc„i) + 
k=j+i 

+ i-l)(:>+^)(--^^)^il,a,a,+u..,a,)) 

n+l /n+l—j n 

= \^ I y^ c_-|^\fc+j-l+fc(n+l) _ y^ tl\k+j-l-n-l+(k+l){n+l) 

j=l \ k=0 k=n+2-j 

0(1, Ofc, ..,ak+j-i,a,ak+j, ..,afc_i)+ 



+ 5^(-l)'=("+^)+''" V(l, a, ak,.., ak-i) 



fc=0 
n+l n 

= 'Y^^i-'^y'^^'^'^H'^, ak, ■; Ofc+j-i, a, ak+j, .., 0^-1)+ 

j=l k=0 

n 

fc=0 

n+l n 

= -y^(-iy X^(-l)"^'/'(l,«fc,--,«fc+j-l,Q, Qfc+j,--,Qfc-l) 
j,=0 fc=0 

= -(-Bta'/')(ao, ••,«■„). 

In the second line we reordered the sum such that terms with a inserted into 
the same "slot" of (p stand together. 

The last equality in the proposition is an easy consequence of the fourth 
and the fact that {d, B} = 0. D 

Obviously, the operator ia can be n-linearly extended to the cyclic cochain 
complex CC^{A). The above discussion then shows that the complex 
CC^{A) carries the structure of a differential graded A-space, where A 
is seen as a Lie algebra. Let us recall the definition: 

Definition 23. Let g be a Lie algebra. A differential graded Q-space is a 
graded vector space V* with differential d, a left g-action denoted L on V, 
and an operation 

t : (g) y ^ v—^ 

subject to the following conditions 

• [i'x,i^y] = for all x,y e Q. 

• Lx = [d,Lx]- 

• [J^x, ''J/J ^ ''[a;, J/]- 
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Figure 1. On the left, a Shoikhet graph contributing to r4 
is shown. It is composed out of primitive graphs hke the one 
on the right. 

A. 3. Lie algebra cohomology. Let g be a Lie algebra and f) C g a subal- 
gebra. Let M be a g-module. The relative Chevalley-Eilenberg (cochain-) 
complex with values in M is defined as 

C"(s,[);M)=Hom^(A'(0/f)),M). 

We will think of chains as elements of Hom(j(A*0,M) that vanish on the 
ideal / generated by [) in the algebra A'g. 
It carries a diff'erential d such that 



{d^){xx N--- ^Xn) 






-Xy^^Xj ■ (\){x\ A • • • A % A • • • A x„) + 



V^ (_iy+i(^Q2;j, Xj] A • • • A Xj A • • • A Xj A • • • A x„). 

l<j<j<n 

One needs to show that this map is well defined, i.e., that d^ vanishes on 
the ideal I \i ^ does. For this, assume that x\ = h ^\). Then 

{d(j)){h A X2 A • • • A x„) = h ■ (^(xi A • • • A Xj A • • • A x„) + 



2<j<n 



(-1)^'+V([^, Xj] A • • • A Xj- A • • • A x„) 



{h-4>){x2 A ••• Ax„) = 0. 



The cohomology of the above complex is called the relative Lie algebra 
cohomology H*{q,\);M), and in the special case f) = {0} simply the Lie 
algebra cohomology H*{q;M) of g. 

Appendix B. Relation to Tsygan Formality 

The cocycles T2n and r„, both can be derived from Tsygan's formality 
conjectures, which are by now theorems. For the Hochschild case, the re- 
lation has been explained briefly by FFS, without mentioning details. We 
explain the relation briefly in this section, but assume that the reader is 
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already familiar with the Tsygan conjectures [15] and their proofs [M], [16) . 
We apologize for being sketchy. 

Basically, the cocycle t^j can be obtained by localizing Tsygan's L^o- 
morphism of modules at the constant Poisson bivector field w"^ on IR^". The 
resulting differential on the space of forms is then u~^d + L^^-i, where L^-i 
is the Lie derivate wrt. the Poisson bivector field. As noted by Tsygan, the 
operator e~*""^ intertwines this differential with the differential u~^d, with 
respect to which the cohomology is trivially computed, and is concentrated 
in form degree 0. 

Concretely, the components T2k can be written as a sum of Shoikhet 
graphs with 2k + 1 external vertices. We put these vertices at positions 
= uq < ui < ■ ■ ■ U2k < 1 on the circle of unit circumference. An example 
graph is shown in Figured] (left), from which the general case should be clear. 
Let us compute the weights of the graphs, using the following Lemma. 

Lemma 24. The right graph in FigureU\ has weight —Bi{uj — Ui). 

Proof. Denote by C the configuration space of one point (z) in the interior, 
and one point (n) on the boundary, that is allowed to move between Ui and 
Uj. Then by Stokes 



0= / d{d(j){z,Ui)d(f){z,u)) = / d(p{z,Ui)d(f){z,u) 
Jc JdC 

= -- + / d(j){z,Ui)d(p{z,Uj) + / du 

^ JCn{u=Uj} Ju=Ui 

Here the first term is the contribution for the stratum on which z and u 
approach Uj. The second is the stratum where u approaches Uj. It conincides 
with the desired weight. The third is the stratum where z approaches the 
center of the disk. Hence one obtains the desired result. D 

All graphs connecting Ui with Uj thus contribute the operator exp{—Bi{uj- 
Ui)ciij). The edges connecting the central vertex to the external vertices yield 
a contribution (note that u {lo~^) is inserted there) u TT2kdui A . . . du2k- 
Putting everything together yields the desired formula: 



L 



dui A ... du2k JJ exp{Bi{uj - Ui)aji)'n2k- 



Appendix C. Direct proof of Theorem [3] 

We give here an alternative proof of Theorem [3l without using that the 
special case k = n was already proved by FFS. In fact, we will prove Propo- 
sition [12] by showing equation ([7|) directly, i.e., by computing the integrals 
involved. 

As in section [3]3] we can assume that 

PajQ/Sjq-yj ® Irxr for j = 1, .., m 

Qaj <8> Mj for j = m + 1, .., k 

Paj ^ ^rxr for j = ^ + I, .., 2k 

where the Vj are those in ([7|). 
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The left hand side of ([7|) can be simphfied by using (the straightforward 
analog of) Lemma [6) 

= fi2k / 2^ ^^1 • • • du^k n e''i("^-"')"^'7r2fc(l O fi ® ■ ■ ■ ® V2k) 

Next, note that by the assumptions on the Vj above: 

7r2fc(l <X)t'i <X) ■ ■ ■ 'S)V2k) = 

a 

where C is the "curvature" defined in © of section I4.1[ Hence we can 
integrate out variables Uk+i, ■■,U2k and arrive at a sum of expressions of the 
form 

Hk{ai,..,ak) = fik dui---duk TT e''i("^-"»)"^Hr(l ai (g) • • • O a^) 

for aj G f)i = 0l„ © gtj., j = 1, .., k. In our case actually ai, .., a^ G S^n a^^d 
am+i,..,afc e gl^. Then Hk{ai,..,ak) = /im(ai, ••, am)tr(am+i • • • a^) where 

/i„(ai,..,a^) =/i^ / dui---dum JJ e^' ^"' ""'■""'" 1 <» oi ■■■ O a^ 

•^P'y" l<i<j<m 

Note that hmiai, .., Om) is symmetric in the ai, .., a^- By polarization, it 
is hence sufficient to compute hm{x, ..,x) for all x € 0[„. 

Proposition 25. For x € 0[„: 

/im(j;, ..,x) =m!im(a:;) 

where A^ is the m-homogeneous component of the A-roof genus A G (5*0l„)*^ " 

Proof. Since x is homogeneous quadratic, exactly two derivatives have to 

act on each x in 

(12) 

hmix,..,x) = Hm dui---dum TT e^^^"-'""")"^" (1 (g) X (g) • • • (g) x). 

It follows that the exponentials have to be expanded only up to second order 
^bi{uj-Ui)aji _ ]^_j_^_^||^_^. _^^^Q,_^.^_|_^^_|^|'^_^._^^JQ,^.^^2_j__ _^ To each summand in 

the expansion of the resulting product one can associate a graph with vertex 
set {1, ..,m}. The graph contains an edge from vertex i to vertex jfor each 
term bi{uj — Ui)aji occuring in the corresponding summand. Since exactly 
two derivatives have to act on each x, one easily sees that only those terms 
contribute, whose associated graphs are unions of cycles. To a cycle of length 
j associate the term 



Wj = — tr(x-') / dui ■ ■ ■ dujbi{ui — U2)hi{u2 — u^) ■ ■ ■ bi{uj — ui). 

Here tr(-) = trsp2^(-). Then the summand we started with is a product of 
Wj's, one for each cycle of length j in its associated graph (up to factors of 
2 coming from the expansion of the exponentials). 
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The integral on the right ( "weight of the cycle graph" ) can be evaluated 
to yield 

dui--- dujbi{ui - U2)bi{u2 - U3) ■ ■ ■ bi{uj - ui) = (-1)'^ 
[0,1]^' '• 

where we used the notation and statement of Lemma [771 of Appendix [Dl 
Including the appropriate combinatorial factors we hence get 

h^{x,..,x)=m\ Yl n-rf^J 

2J2+3J3+..=m 
2i2+3J3 + ..=m 

A term in this sum for fixed J2,J3, ■■ corresponds to the sum of all terms 
in (fT2]) composed of J2 cycles of length 2, J3 cycles of length 3 etc. The 
combinatoric factors arise as follows: 

• In the sum of graphs, graphs differing only by permuting whole 
cycles of the same length are identical, hence the factors jil arise. 

• Graphs differing by cyclic permutations of vertices within each cycle 
are identical, hence the factors / arise. 

• Also, reversing the order of vertices within each cycle does not 
change the graph, hence the factors of 2. For cycles of length 2 
this order reversion coincides with the cyclic permutation above, 
however, there arises an additional factor of 2 coming from the ex- 
pansion of the exponential, so that we do not need to treat this case 
separately. 

We can simplify this expression by summing over all m: 

y^ —,hm{x, .., x) = exp - V ,„ ' trfx') I = det^ ( — f , , , ) = Aix) 
^^ m! ^ ' ' ^ ^\ ^-^ 2ll\ ^ '] Vsinh(x/2 / ^ ^ 

m,>0 \ ;>2 / \ \ I J / 

U 

Putting everything together, we can conclude the proof of Theorem [3l 

T2fc(l«' (fl A ••• ^V2k) 

o-eSk 

Chk-m{C{Vm+l,Vk+a{m+l)), ■■■ , C{vk, Vk+a(k)) 

= (-1)^^^ Y ^9'n{(T)iACh){C{v^^i),v^^2)),---,C{v^(^2k-i),Va{2k)) 

o"G5'2fe 

= {-l)''x{ACh){viA---Av2k). 
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Appendix D. Bernoulli Polynomials 

We here recall elementary facts about the Bernoulli polynomials. The 
Bernoulli polynomials Bj{x) are defined as the Taylor coefficients of the 
generating function 

So, in particular, 

(13) So = 1. 



We also have 



And hence 






JO 

(14) _I(^)=j-s^._,(^). 



Eqns. (J13p and (J14p recursively define the Bernoulli polynomials when sup- 
plemented with the relation 

(15) / Bj{x)dx = 

Jo 

for J > 1. This relation easily follows from 

—7 dx = 1. 

e*-l 

The Bernoulli numbers Bj := Bj{0) are the values of the Bernoulli poly- 
nomials at zero. 

Restricting the Bernoulli polynomials to the interval [0, 1) and continuing 
Z-periodically to IR, we get the Bernoulli functions bj : U —>■ R. Of course 
R/Z = S^, and we will use the same symbol for the functions 6j : S"^ — > R. 

Lemma 26. The Bernoulli functions satisfy 

bj=ji{-bir. 

where * is convolution on the unit circle. 

Proof. We show that the functions j!(— ^i)*-' satisfy (I13p - (ll5p . The first 
requirement is trivially satisfied. The third is also quite obvious since 

f h*f = {[ 6i)(/" /) = 0-(/" /) = 0. 
Jo Jo Jo Jo 

The second requirement is fulfilled since for j > 2 

^^~^f^'"'^ = -^ * (-6i)*(^'-i) = (<5 - 1) * (-6i)*(^--i) = *(-6i)*(^--i) 
dx dx 

where in the last equality it was used that 

1 * (-fei)*(^-^) = 1- [ {-biY'-J-^^ = 0. 

D 
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The result about Bernoulli functions that is needed in Appendix O is the 
following 



Lemma 27. 

dui--- duibi{ui - U2)bi{u2 - U3) ■ ■ ■ bi{ui - ui) = (-1) 



[0,1]' ^! 

Proof. By invar iance wrt. shifts of all variables we can set ui = and 
multiply by the length of the unit interval, i.e., by 1. So the Ihs. equals 

(6ir'(0):=(6i*---*6i)(0) 

where * denotes convolution on the unit circle. But by Lemma [23 and the 
well-known fact that Bi = bi{0), the statement is proven. D 

Appendix E. A supersymmetric generalization 

In [3] M. Engeli has found a supersymmetric generalization of the Hochschild 
cocycle T2n- His cocycle is invariant under orthogonal and symplectic trans- 
formations of the super- Weyl algebra, but not invariant under orthosymplec- 
tic transformations. In this section, we generalize the above constructions 
to yield an (improper) osp-basic representative of the cyclic cohomology of 
the super- Weyl algebra. For Hochschild cohomology, we still do not know 
such a representative. 

E.l. Notations. Denote the (super-)Weyl algebra by A2n\q, it is the alge- 
bra of polynomials over |R^"I'S with Moyal product defined by the standard 
symplectic structure 



id , 



n q 



dpj A dqj + y^ dck A dck 

j=i fc=i 



with Pj,qj, j = l,..,n being the even and Cfc, k = l,..,g being the odd 
variables. Let 

P(m+i)/2 for ^ = 1,3, ..,2n- 1 
CiM= i q,i/2 for /i = 2,4, ..,2n 

_c^_2n foi ii = 2n+l,..,2n + q 

and define w^i, such that uj = ^^^^ud^^/xd^y. Let e(/i) G {0, 1} be the degree 
of ^^. The orthosympletic Lie algebra osp2„|g is the Lie subalgebra of A2n\q 
given by the homogeneous quadratic polynomials. 

To write down the cochain, we first need to introduce some notations, 
mostly straightforward generalizations of those in section 12. H with appro- 
priate signs added. The symbols i d ^ and j d ^ are defined as follows: 



'df,{ao (^■■■^ak) = (-1)'^''^ ^5=0 '"^'(ao «) • • • ® Oi-i «) -^ <S) Cj+i 



a 



'akj 



i'df.iao • • • (g) afe) = (-l)'(^) ^5=0 l"^l(ao • • • a^^i (g) -^ m+i • • • Ofc). 

Define further ars = ^^'^ r d ii s d n- 

Remark 28. It is easily checked that ars = — «sr- 
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Let rrik be the multiplication 

■mkiao • • • (81 afc) = uq ■ ■ ■ ak 

with the product on the right being the "usual" graded commutative product 
of polynomials. With these notations, the Moyal product can be written as 

a • 6 = mi o e2"oi (a (gi 5). 

Let E be the evaluation of a polynomial at 0. Let A^ be the fc-simplex, 
and Ak the configuration space of /c + 1 points on the circle R/Z, with fixed 
ordering. We will use coordinates U(),..,Uk on A^ and A^, with the implicit 
understanding that they make sense on the latter space modulo Z only. We 
can embed A^ C A^ as the subspace {uq = 0}. 

We define the following differential form on A^, with values in the nor- 
malized Hochschild cochain complex: 



where 



/ 2n+q k 2n+q \ 

Eoniko dCi--- dC,2n+q exp - ^ w(C, C) + X] X] '^'^i^ ^ ^^^^' °^^ 



Sk= W e''^i^3-'^i)°'j\ 

0<i<j<k 

Here C are coordinates on niR^"''^ = IR'^I^" anticommuting with the forms 
duj. The integral is over HIR^"!'?. 

Lemma 29. The form rjk satisfies 

Proof. 

drjk = E o nik o / dC,e^'"> o dSk 

= —Eorrik o / dCe^'"' o \^ UrsdugSk 

•^ r,s=0 

= —E orriko I dCe^'"^ o ^ ^d ^ ^ co^'^ s d ^c 

-' r=0 s=0 

= -E o ^nik o [ dCuj>'''e-'^^^^^'^^e^'S=oJ:l"Ji''du, ,'d ,C, g^ 
^i^, J dCu 

= E o ^ruk o [ dCoJ^^'^e-^^^^^^e^U K^^i" ^^^ ^^^<^Sk 

d I 

= E o -wr^k ° / dCCf^e'^-^Sk 



D 
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E.2. The cocycle. We can define Hochschild cochains 



T2k = mk- 

'AafcCAafe 

Theorem 30. The cochains T2k satisfy 

BT2k+2 = dT2k 

Sketch of proof. The Hochchild chains form a siniplicial complex. Denote 
the j'-th face map by bj, so that the Hochschild boundary operator on k- 
chains is given by X]i=o(~-'-)''^i- "^^^ union of simplices |J • Aj also form a 
simplicial space with j-th face map aj : A^ — > A^+i. One can check that 
r]k o Sj = a*T]k+i- Hence we see that 

k 
dT2k = ^(-l)-'T2fc obj 
3=0 

k 

j=0 •'^2k 

dl]2k+l 

2k+l 

by Stokes' Theorem. 

On the other hand, one can check that 

BT2k+2 = I ??2fc+l- 



Hence 



BT2k+2 = [ Eo m2k+i o / (iCe-'^('^'^)+^^-.M -^"^ .^mC. „ ^2^+1 

J ^2k + l J 

= I E ^ ° -^^2k+i o / (iCC.e-"(^'^)+^-- ''^^ ^^"^^ o S2k+i 

In the last line we defined new coordinates Vj = Uj — uq on A2k+i and 
integrated out uq. Comparing with the result of Lemma [29l the statement 
of the Theorem follows. D 
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